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We present a study of the effect of high ( ~ 1 X 105 V / em) perpendicular electric fields on the 
electronic struct'7;re of a GaAs-Galu Alo.3 As supedattice represented by five quantum wens 
separated by 70-A barriers. An exact solution is obtained by using the transfer-matrix 
technique to match the Airy functions at the interfaces. The method of phase-shift analysis is 
employed to evaluate the energy levels, the width of the Stark resonances, the real-space wave 
fun~tions, and the time of flight associated with the field-induced phenomena. Wells of 50- and 
70-A width are used to elucidate the relationship between level depth and field. The quantum 
states above the semiclassical confining barrier, which have so far been represented by a 
continuum, are correctly accounted for, These states are mainly localized in the barrier 
material. It is shown that the real-space localization and bandwidth of these states are 
significantly altered by the external field. In particular, we evaiuate the time delay for electrons 
above the barrier due to the field-induced change in the density of states, which is related to the 
presence of the above higher-lying confined states and which would be observed in current-
voltage measurements. 
I. BACKGROUND 
The electronic structure and transport properties of 
quantum-wen and superlaUice systems are topics of great 
current interest and importance. The spatial variation of the 
band structure and the existence of quantum-confined states 
in these systems have been exploited in a number of novel 
devices (see, for exam pIe, Refs. 1-5 and references therein) . 
This interest in device applications has stimulated a number 
of calculations on perpendicular electron transport in quan-
tum-wen and superIattice systems (Refs. 6-8 and others). 
These calculations were performed for zero-field conditions. 
An important feature of many of the proposed devices is, 
however, that very high electric fields are applied to the 
quantum-well structures; frequently, the energy of interac-
tion ofthe carriers with the applied field is greater than their 
binding energy. Under these circumstances nonlinear and 
nonperturbative field effects can become significant, and an 
appropriate theoretical treatment is required. Ideally, a 
large-scale calculation, in which the band structure of the 
superlattice components would be taken into account and 
the effect of the applied field introduced in a self-consistent 
manner, would be performed. Results of this type are not 
currently available for the foHowing reasons: (1) The elec-
tric field breaks the translational symmetry of the lattice, 
and so the usual methods of band theory are not directly 
applicable. (2) There are mathematical and computational 
problems associated with the use of the unbounded operator 
- Fz. <j For example, performing a real-space calculation 
with "box" boundary conditions can lead to an unphysical 
"pile-up" of states at one end of the structure. An alternative 
.) Current address: Department of Electrical Engineering, Imperial Col-
lege, Exhibition Road, London SW7 2BT, U. K. 
approach to electric field effects, which has been extensively 
employed in the literature, is the envelope-function effective-
mass approximation; this leads to a one-dimensional SchrO-
dinger equation for the envelope function in the z (growth) 
direction whose exact or approximate zero-field solutions 
provide a suitable starting point for most transport studies. 
Approximate solutions, valid for weak external electrical 
fields, were obtained within a variational scheme by Bastard 
et al. 10 and Miller et al. 11.12 In the case of strong fields, how-
ever, the use of the exact Airy-function solutions is more 
appropriate. This method has been employed by a number of 
workers. 11-17 In general, these calculations have been con-
cerned with corrections to energy levels and have ignored 
the extensive field-induced tunneling that occurs in these 
structures when the bound states become field-induced re-
sonances. 
In particular, we were first to introduce into the prob-
lem the method of phase-shift analysis, which is familiar in 
other applications of quantum theory and yields a variety of 
observables. such as the density of states, lifetimes, and the 
time of flight. We have evaluated such quantities for a few 
typical isolated and double quantum-well GaAs-GaAIAs 
systems with a view to elucidating some of the conceptual 
novelties this approach offers. 18-21 
In this paper we study the effect of high perpendicular 
electric fields on the electronic structure of a GaAs-GaAIAs 
superIattice consisting of five GaAs wells. In our analysis we 
also include the states lying above the confining barrier. 
Such states can be approximately accounted for by the enve-
lope-function effective-mass model used here as a zero-field 
starting point. Only the states derived from the lowest mini-
mum of the conduction (bulk) band of GaAs and GaAIAs 
are involved. The states above the semiclassical confining 
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barrier may play an important role in vertical transport 
problems because they have been shown to have wide band-
width and exhibit localization in the barrier material. We 
will show that the external field can modify their character 
and that they contribute to the change in the state density in 
the hot-electron range of energies and, consequently, to the 
current-voltage characteristics. 
In addition to the states derived from the lowest mini-
mum, there is a rich variety of localized states associated 
with the secondary bulk minima at the X and L points.22- 25 
Although these states are highly relevant in hot-electron 
transport problems, they lie outside the scope of the treat-
ment employed in the present study. However, it might be 
worth pointing out that a quantitative understanding of 
these states, both theoretical and experimental, is now avail-
able and may serve as a basis for simpler models. 26 The latter 
is already apparent from the work of Jaros et al., 23 Wong et 
al.p and Ninno et al.t5 who presented the momentum space 
wave functions of these states and showed that, with the 
exception of very narrow wells, the higher states are well 
localized in momentum space and therefore clearly separa-
ble from the equally wen localized (at 1, i.e., k = 0) states 
that lie deep in the well. The difficulty of implementing a 
scheme that includes states of different bulk momentum 
character in the present context lies in the requirement that 
the phase of the rapidly varying components of the individ-
ual states must be correctly accounted for. This presents 
technical difficulti.es in the phase-shift method, which relies 
on the matching of the envelope functions at the interface. 
The results presented here are complementary to the 
recent low-field calculations of McIlroy!7 who considered 
the effect of an external electric field on a GaAs multi-quan-
tum-wen system. We are not aware of any other comparable 
theoretical work on superlattices in the literature. 
Experimentally, electric field effects have been studied 
by spectroscopic and photocurrent methods.! 1,12,16,28-34 The 
main results of these experiments are the fonowing: 
( 1) The confined states in GaAs-GaAlAs quantum 
wens undergo a Stark shift. At low fields the shifts are qua-
dratic in the field for an isolated quantum wen, as predicted 
by perturbation theory.lo Anomalous Stark shifts are pre-
dicted to occur only at very high fields. 18 The experimental 
and calculated level shifts are generally in good agree-
ment. 12,19 For narrow wens, some discrepancies between ex-
periment and theory are found. This is presumed to indicate 
a breakdown of the envelope-function effective-mass ap-
proximation. 
(2) Electron-hole recombination transitions and the 
corresponding photocurrent peaks are substantially broad-
ened and the broadening increases with field; this can be 
accounted for by a sharp decrease in the nonradiative life-
time ofthe carriers due to field-induced tunneling out of the 
well. The radiative recombination lifetime undergoes a si-
multaneous increase because offield-induced spatial separa-
tion of the electrons and holes. The overall lifetime is gener-
ally dominated by the effect of tunneling. 
(3) Exciton transitions remain observable at high fields 
because of carrier confinement in the wells. The observed 
spectroscopic and photocurrent peaks decrease in integrated 
559 J. Appl. Phys., Vol. 62, No.2, 15 July i987 
intensity as the field-induced tunneling increases. 
The problem of vertical transport (see Ref. 15 for a re-
cent review) in superlattices, where adjacent wens are in 
"contact" because of the spatial overlap of the confined wave 
functions, has not been frequently studied, and the spectro-
scopic information available for isolated quantum wells is 
missing. However, the work of Bastard et al. lO indicates that 
the tunneling effects that occur in multi-Quantum-well 
structures may play an even more important role in superlat-
tices. The present study is an attempt to identify the key 
qualitative features peculiar to the supedattice system in the 
energy range up to and above the confining barrier. It is also 
the first attempt to introduce into the picture the states lying 
above the confining barrier and demonstrate their behavior 
in an external field. Recently, Babiker and Ridley35 have 
demonstrated the importance of these states in e1ectron-
phonon interactions in superlattices, and Song et al,36 have 
studied the corresponding radiative recombination rates. 
II. CALCULATION AND RESULTS 
A. Introduction 
We have performed calculations on quantum-wen sys-
tems with various numbers (N) of wells. Inspection of the 
results shows that "supedattice" features (i.e., states local-
ized in the barrier) can be observed for N = 3 and, in some 
instances, even for N = 2. It is thus apparent that superlat-
tices can be modeled by using relatively small values of N. 
The majority of the results presented here are for structures 
withN= 5. 
It is appropriate to reconsider the values used for the 
valence and conduction-band offsets in our previous 
work. 18- 21 Recent experimental work (for example, Refs. 
37-39) suggests tha tthe ratio of the conduction and valence-
band offsets is in the vicinity of 60:40, rather than the pre-
viously accepted ratio of 85:15. It should be noted that 
changing the values of the offsets used in our calculations 
does not affect the qualitative nature of the phenomena pre-
dicted (Le., the occurrence of anomalous high-field Stark 
shifts, extensive tunneling out of the wells, and the effects of 
above-barrier states). Certain quantitative predictions do of 
course depend on the choice of offsets; in particular, elec-
tron- rather than hole-dominated tunneling is predicted 
when the 60:40 offsets are used,12 although the Stark shifts 
are remarkably insensitive to the offset choice. The results 
presented here were obtained by using the currently accept-
ed values of the offsets. As well as consistency with experi-
ment, concentrating on electrons rather than holes has the 
additional advantage that the conduction band of III-V 
semiconductors is known to conform more closely to the 
effective-mass approximation than does the valence band. 
B. Method 
We consider GaA.s-Ga l _xA1xAs structures with 
x::::::O.3. The structure studied is shown itl Fig. 1. Compari-
son of the results of single-well calculations with experiment 
have shown that reasonable agreement is obtained for wen 
widths> 50 A. II, 12, 19,29 By considering a superlattice of70-A 
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FIG. 1. Quantum-well structure Ilsed in the calculations. The effective mass 
used is m $ = 0.067 mo' The numbering of the wells is Ilsed in the discussion 
of wave-function localization. The energy levels associated with each well 
taken in isolation are indicated. The well depth is - 282 meV. 
wells, direct experimental predictions should thus be obtain-
able. 
The method of calculation is as described previous-
lyIS-21; the solutions of the one-dimensional Schrodinger 
equation for the envelope function ¢(z) (in scaled atomic 
units), 
1 d 2¢ 
- '2 dz2 + ( Vo - E) ¢ - Fztf; = 0, (1) 
with the potential Vo of Fig. 1, can be obtained as linear 
combinations of Airy functions; the coefficients of the Airy 
functions are obtained by the transfer-matrix technique. Ap-
plication of the method of phase-shift analysis allows the 
positions and widths of the Stark resonances to be found; 
differentiation of the phase shift allows the change in the 
density of states tlp to be calculated. In these calculations the 
electric field is taken to be perpendicular to the wen plane. 
Parallel transport in these structures is also an important 
topic,40 but is not considered in the present work. 
C. General results 
An isolated quantum well with the chosen parameters 
supports two bound states, as illustrated in Fig. 1. For the 
N = 5 system, tunneling between the wens gives rise to a 
closely spaced set of five levels in the vicinity of each N = 1 
state; these sets are the precursors of minibands in larger, 
truly periodic, structures. The effect of a weak electric field 
on each "miniband" can be predicted from a simple 5 X 5 
matrix calculation. The resulting (linear) Stark pattern is 
illustrated schematically in Fig. 2. As in the double-wen sys-
tem,21 the zero-field states are delocalized. Turning on the 
field localizes the states, as indicated in Fig. 2. 
Figure 3 shows the resonance positions obtained from 
the Airy-function calculations. Figure 4 shows some typical 
resonance wave functions and Fig. 5 some typical change of 
density-of-states plots. The main features of these results are 
the following: 
(1) Linear Stark shifts are obtained up to F Z 2 X 105 V 
em -1; deviations from linear behavior are found at higher 
fields. The states 3 and 3' can be seen to have energies that are 
virtually independent of field in this region. This is due to the 
localization of the wave function in the central well. 
560 J. Appf. Phys., Vol. 62, No.2, 15 July 1987 
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FIG. 2. Schematic diagram of the predicted weak-field Stark splittings of 
the "minibands" M and M' of a five-well structure. The state labeling corre-
sponds to the localization properties of the wave functions. 
(2) Strong coupling between the confined states and the 
continuum is indicated by the variation of state width with 
field. In general. the width of each state increases with field, 
although some oscillatory behavior is observed. (This is as-
sociated with the interaction between resonance and above-
barrier states, described in more detail in the next section. ) 
The extent of the field-induced broadening is a sensitive 
function ofthe zero-field binding energy, since the tunneling 
probability increases strongly as binding energy decreases. 
For the M states (Eoz - 225 meV) the resonances have 
widths of only a few tenths of an me V for F = 3 X 105 V 
em-I; by contrast, the M' states (Eo::::; - 75 meV) are 
broadened by around 50 meV at the same field. These figures 
should be compared with the upper (M') miniband widths 
of - 20 me V obtained from large-scale zero-field superlat-
tice calculations. 
Energy (meV ) 
~Or------'U-70~~~~--------~ 
M" 
100 
(] 
-400 
2 3 
FIG. 3. Positions of resonances and above-bamer states as a function of 
electric field. 
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FIG. 4. Examples of normalized resonance wave functions; the positions of 
the wells and barriers are shown. (a) State 5, E = 52 meV, F= 105 Vern' '. 
(b) State 3, E = -- 229 meV, F= 1.2 X 105 Vern-I. (c) State 1', 
E= -13lmeV,F=2xlltVem- l • 
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FIG. 5. Density of states in the region 0-300 meV. 0) F= t,36X lOS V 
em-I. (b) F= 2X lOS Vern-I. 
Taking a more extreme case, we have calculated reso-
nance positions and widths for a structure in which the wen 
width is reduced to 50 A and the upper miniband occurs only 
8 me V below the top of the well; these states are broadened 
by"";5 meV atF= 4x 104 V cm- I, increasing to -5X 102 
me V at F = 3 X 105 V cm ~- t. This illustrates the point made 
in previous work 18 that weakly bound states are particularly 
liable to show anomalous field effects. 
The sharp increase of width with field observed for all 
states implies very rapid electron tunneling out of the struc~ 
ture at high fields. It should be noted that the present calcu~ 
lation gives a steady~state description of tunneling. In ex-
periments where a wave packet is incident on a superiattice, 
the detailed dynamics will depend on the shape of the wave 
packet.4l ,42 
(3) As was found for N = 2,21 wave function localiza~ 
tioD effects can also cause high-energy resonances to have 
smaller widths than low-energy resonances in the same mini-
band. This occurs because high-energy states are spatially 
localized far from the tunneling barrier. 
E. J. Austin and M. Jaros 561 
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( 4) The density-of-states plots for the superlattice show 
the shift, broadening, and decrease in area found experimen-
tally and in previous calculations. 18.20 
The breakdown of a simple bound-state treatment is ap-
parent from these results (strong coupling to the continuum 
is also indicated by the fieid dependence of the positions of 
the above-barrier states discussed in the next section). At the 
same time, near-linear energy shifts, as predicted from the 
bound-state model, are obtained even at high fields. This 
paradox can be resolved by inspection of typical real-space 
wave-function plots (Fig. 4). Each resonance state can be 
seen to have a large peak in one wen, with oscillatory behav-
ior outside. The net charge deposited outside the well into 
the oscillatory tail of the wave function is surprisingly small. 
Thus if the field undergoes an increase IlF, the off-diagonal 
matrix elements of IlFz are small; essentially, the resonances 
do not "see" each other. This also explains the observed re-
markable stability of excitons in quantum wens exposed to 
strong electric fields, which would seem to be incompatible 
with the calculated field-induced wave-function tails and 
density-of-states fluctuations. 
D. Above~barrier states and Implications for transport 
and spectroscopic properties 
Above-barrier confined states, derived from the lowest 
conduction-band minimum, are found in both envelope-
function43 and large_scale22- 27 calculations; the latter work 
revealed the momentum-space wave-function characteris-
tics ofthese states. The implications of the existence of such 
states for transport properties have not been fully explored. 
However, it is well known that if the above-barrier density of 
states is not fiat, oscillatory structure in current-voltage 
curves would be expected, by analogy to the well-known be-
low-barrier resonant-tunneling phenomenono44-47 
In the present calculation we have studied the field de-
pendence of a group of above-barrier states. These states are 
identified from subsidiary maxima in the change of the den-
sity of states computed from the phase shifts, (This is in 
contrast to the "antiresonance" states described previous-
ly, 18,21 which are associated with density-of-states minima.) 
Some examples of these features can be seen in Fig, 5, and the 
field dependence of the energies of these states is shown in 
Fig. 3, Inspection of the wave functions (examples are 
shown in Fig. 6) shows that they all have some degree of 
localization in the GaAIAs barriers, although the localiza-
tion is much less clear cut than for the resonances. Mixing 
between resonance and above-barrier states and changes in 
wave-function localization properties occur at the avoided 
crossings shown in Fig. 3, 
Unlike the resonances, the above-barrier states are 
broad, having widths of tens or even hundreds of me V at low 
fields. These states of course have nonzero widths in the ab-
sence of a field (large-scale zero-field calculations on truly 
periodic structures with 70-A wells and 7o-A barriers give 
widths of -100 meV; for details see Ref. 27); the field in-
duces additional broadening and restructures the density of 
states. 
The oscillations in the density of states in Fig. 5 are 
associated with both resonance states that have been Stark 
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FIG. 6. Examples of normalized wave functions of above-barrier states, (a) 
State 1", E = 149 meV, F= 1.5 X 105 V cm-'. (b) State 6", E = 255 meV, 
F= 1.8x105 Vcm- 1, 
shifted upwards and above-barrier states. Note also that two 
states initially above the barrier are drawn into the wells at 
high fields. The ability of a structure to transmit electrons is 
dearly affected by the presence of both the resonance and the 
above-barrier states. The time delay introduced by the struc-
ture is related to the phase shift ifJ by 
d</J at = -. (2) 
dE 
Calculation of the time delay as a function of voltage for 
electrons of a given energy is of particular interest. Typical 
results are shown in Fig, 7. Such results can be used directly 
to analyze hot-electron spectrometer data that are currently 
used to assess hot-electron transistors (see, for example, Ref. 
48 and references therein). Indeed, our predictions indicate 
that the results of experimental studies on vertical transport 
in superlattices must be carefully analyzed in order to ac-
count for the contribution of the r -related above-barrier 
states described above, which will hybridize with X-related 
E. J. Austin and M. Jaros 562 
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FIG. 7. Time delay as a function of voltage for electrons of energy. (a) 100 
meV. (b) 150 meV. 
states in the manner predicted by Ninno et al. 25 and, more 
recently, by Gel! et ai. 26 
As well as affecting transport properties, the existence 
of the above-barrier confined states and their field depend-
ence would be expected to affect the spectroscopic properties 
ofsuperlattices. The number and strength of the transitions 
observed will vary as a function of field; particularly strong 
intensity variations would be expected to occur in the vicini-
ty of avoided crossings. 
iii. CONCLUSIONS 
In this paper we have studied the effects of perpendicu-
lar electric fields on a model superlattice structure. Our cal-
culations recover a number of features that resemble those 
reported for isolated wells, such as anomalous Stark shifts, 
resonance width broadening, and tunneling out of the well. 
Several new effects, peculiar to the superlattice structure, 
have also been obtained. In particular: 
( 1) Both the wen states and the above-barrier states 
contribute to the transport properties of the system. The ex-
istence of confined states in the hot-electron region leads to 
oscillatory current-voltage behavior, negative differential 
resistance, and the possibility of current amplification a11d 
oscillation under appropriate conditions. Above-barrier 
states can also be drawn into the wells and thus contribute to 
"ordinary" resonant tunneling. 
(2) An important feature in perturbed superlattice sys-
tems is the differing spatial localization of electrons of differ-
ent energy. This suggests that carrier capture or excitation 
will be preferentially connected with certain spatial regions 
of the structure in question and that the occurrence of differ~ 
ential stability effects will depend on the applied field, as weU 
as on the structural geometry. 
563 J. Appl. Phys., Vol. 62, No. 2.15 July 1967 
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